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Abstract 

A model with one compact extra dimension and a scalar field of Brans-Dicke type in 
\^ • the bulk is discussed. It describes two branes with non-zero tension embedded into the 

i space-time with flat background. This setup allows one to use a very simple method for 

I stabilization of the size of extra dimension. It appears that the four-dimensional Planck 

Q ' mass is expressed only through parameters of the scalar field potentials on the branes. 

Q 

m 



1 Introduction 



^ ' Nowadays models with extra space-time dimensions are widely discussed in the literature. A lot 
■ of problems are addressed with the help of such models, in particular, the hierarchy problem. 
^ . In the latter case the most known models are the ADD scenario [HEj and the Randall-Sundrum 
[-^ ! model with two branes (usually abbreviated as RSI model) [3] (both with compact extra space- 
O I like dimensions). The ADD scenario seems to be simpler, but the brane tension is not taken 
^ ' into consideration in this model. This problem was solved within the framework of the RSI 
model, nevertheless this model appeared to be much more complicated. Both models were 
widely discussed in the literature, see reviews [HE]. 
Oh! Here we propose a model, which unifies some features of the models mentioned above and 

can be treated as a "consistent ADD". It describes branes with tension in the five- dimensional 



flat bulk and allows one to use simple method for stabilization of extra dimension's size. 



X. 

S ; 2 Description of the model 

Thus, we consider a space-time with one compact extra space-like dimension. Let us denote 
the coordinates by {x^^} = {x^,y}, M = 0,1,2,3,4, /i = 0,1,2,3, the coordinate = y 
parameterizing the fifth dimension. As in the RSI model, it forms the orbifold S^/Z2, which 
is realised as the circle of the circumference 2L with points y and —y identified. It is evident 
that the metric qmn satisfies the corresponding orbifold symmetry conditions. The branes are 
located at the fixed points of the orbifold, y = and y = L. 
The action of the model is chosen to be 

S = J ^{x,y)R\^^ d^xdy + 

+ [ fx,-^,[<^^{x,0)-vlY)^d'x + 

Jy=0 ^ ' 

+ ^ {\2-l2{^\x,L)-v'^^)^gd'x (1) 
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where is a five- dimensional scalar field (such that —y) = y)), parameters Ai, 

-^2, 7i, 72; "^1 and V2 describe the scalar field potentials on the branes (or simply the brane 
tensions), g^^, is the induced metric on the branes. The first term in ([T]) corresponds to the 
five-dimensional Brans-Dicke theory with the Brans-Dicke parameter equal to zero, whereas the 
last two terms correspond to the contribution of the branes, where the Higgs-like potentials for 
the field $(a;, y) are added (surely one can choose another type of potentials). It is necessary to 
note that the five- dimensional theory with Brans-Dicke field is widely discussed with relation 
to cosmology, see [HI [7] and references therein. 

The equations, following from action ([1]), have the form (see, for example, [8]) 

$ (^Rmn - ^9MNRj - (VmVat^ - (7a./^(?^^VaVb$) - X 

^g^u ^ S{y) + -^=g^u ^ 6{y-L)] = (2) 



-9 ^ V-9 

(the Einstein equations), where Vm is the covariant derivative with respect to the metric gMN, 
and 

^ ^^2 2\ N 



R - ^471$ ($2 - vf) 6{y) - ^472$ ($2 - vl) 6{y - L) = (3) 

(the equation for the scalar field). 

We are going to find a solution of equations ([2]), ([3]) with gMN = diag{—l, 1, 1, 1, 1), i.e. 
with the flat five-dimensional background metric. Let us suppose that background solution for 
the field ^{x,y) does not depend on the four-dimensional coordinates x. In this case the only 
non-trivial component of ([2]) takes the form 

9,u<^" - (^^.y S{y) + g,,^ 6{y - L)^ = 0, (4) 

where $" = ^ and equation ([3]) is taken into account. If 

Ai = -A2 = A, (5) 

we get 

Hy) = j\y\ + C, (6) 

where C is a constant and the orbifold symmetry conditions are taken into account. From 
equation Q one can get 

^y) = % = ^\y\ + V,, (7) 

L = j{v2- vi) . (8) 

We see that the size L of extra dimension is stabilized (by equation ([3])). It is necessary to note 
that in the case A > physically relevant result can be obtained only if ^2 > fi > 0. 
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Now let us find effective four-dimensional Planck mass on the branes. To this end it is 
necessary to obtain the wave-function of the massless (from the four-dimensional point of view) 
tensor mode of /i^j,, which is the fluctuation of /ii^-component of the metric. Linearizing fiu- 
component of equation ([2]) and dropping the scalar degrees of freedom, one can get the following 
equation (in the transverse-traceless gauge for the field /i^^): 



+ $0/1^, + $ 'o/^;, = 0. 



(9) 



The third term of this equation comes from the term V^Vjy$ in ((21). Here □ = rj^'^d^du- The 
field hniy can be represented as a sum 



(10) 



where Oh^^ = m\h^^ and '^n{y) are the wave functions which correspond to the four- dimensional 
masses m„. Equation ([9]) takes the form 



:ir 



which is equivalent to 



^oml^n + ($oO' = 0, (12) 
where the differential operator has the self-adjoint form. It is not difficult to show that 

-L 

$o(y)^„(l/)^fc(2/)~5„fc, (13) 

i.e. the eigenf unctions of different modes are orthogonal. It is evident that '^^{y) = const. 
Other eigenfunctions of equation ffTTl) have the form 



^n(l/) = CiJo rri, 



M + - 



+ C2N0 rrin 



(14) 



where Ci and C2 are constants, Jo and Nq are Bessel and Neumann functions. Substituting 
f|T^ into ffTTj) and collecting terms with delta-functions (coming from \y\), one can get the 
conditions on the "boundaries" y = and y = L, which define the mass spectrum of the theory 
and the relation between Ci and C2 and look like 



Kio) = 0, 
KiL) = 0. 

The equation for the mass spectrum has the form 



AT I T ( 



AT \ ^^2A , / 



0. 



(15) 
(16) 



(17) 



Thus we are ready to find the relationship between the four- dimensional Planck mass and 
the parameters of the theory. Taking the first term of equation ([1]), retaining only the zero 
mode in (flOl) and using the fact that ^^0(2/) = const, we can formally get 

J ^{x,y)R^/^d'^xdy ^ j ^{j^ \y\+v^ dy j R^i^^^d'^x (18) 
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and 



Using (IHl) we get 



Mh= I ( ^ \y\ + vi) dy = ^L' + 2v^L. (19) 



L 



Ml, = 1 [vl - vl) , (20) 

i.e. the four-dimensional Planck mass is defined by parameters A, Vi and V2 of the brane tensions. 
Taking suitable values of fi, V2 and A we can solve the hierarchy problem in the same way as in 
the ADD model with two extra dimensions. For example, one can take M = ~ imTeV and 
L ~ leV~^ to get Mpi ^ lO^^GeV (compare with physically interesting values of parameters 
in the ADD model with two extra dimensions, where five- dimensional Planck mass is chosen 
to be of the order of SOTeV, whereas the size of the extra dimension is chosen to be of the 
order of 10~^eV~^, see |1]). If we suppose that Vi ~ V2 (i.e. they are of the same order), 
then M^^ ~ -^/ui (where i = 1,2) should be of the order of 10^ — lO'^TeV. It is evident, that 
this difference between the energy scales M and M^- appears because of the new hierarchy 
between M and L"^. One can see that this hierarchy is inherent to the original ADD scenario 
with two extra dimensions too (see also ^). Of course, the simplest way to remove hierarchy 
between M and M^- is to choose M and M^- {i = 1, 2) to be of the same order, which results 
in L"^ ~ M ~ M^^ ~ Mpi ~ lO^^Tel^. We can also leave M in the TeV range and fine- 
tune parameters vi and V2 to make ^ lO^^TeV (in this case M^,- ~ lO^^TeV also). But 
even if only one fundamental parameter of the model is of the order of Mpi, we get the same 
problem as in ordinary four- dimensional theory of gravity - we should explain its unnaturally 
large value. In the latter case one should also explain such extreme fine-tuning between vi 
and V2- Another possibility to remove this hierarchy is to leave M and M„- (energy scales of 
fundamental parameters of the theory) in the TeV range, but to fine-tune parameters Vi and f 2 

to make the size L extremely large (L ~ "m?)' like in the ADD model with one extra dimension. 
It is evident that such size of the extra dimension contradicts observable data. 

At the same time the hierarchy between M ~ lOOTeV and L ~ eV~^ is not so dangerous 
as it seems. We should take into account that the size of the extra dimension L is not a 
fundamental parameter of the model. Indeed, fundamental parameters of the model are A and 
Vi, whose energy scales are M ~ 100Te\^ and M^^ ~ 10^ — lO'^TeV, and the size L is defined 
by these parameters. One can see that the largest energy scales in the five-dimensional theory 
Mt,^ ~ 10^ — 10'^ TeV are much closer to the desirable value ITeV, which roughly characterizes 
the energy scale of the Standard Model on the brane, than the four-dimensional Planck mass 
Mpi ~ lO^^TeV. Moreover, the difference between energy scales of fundamental parameters M, 
My. is maximally 5 orders in magnitude, which is very small in comparison with the hierarchy 
between the energy scales in ordinary four- dimensional theory of gravity. We need not to fine- 
tune parameters Vi and f 2 - they should be of the same order only. As for the size of the extra 
dimension, its large value appears naturally from ([8]) and this situation can be interesting in 
view of top-table experiments for testing gravity at sub-millimeter scales. 

Now let us discuss how the model can be interpreted. One can see that at the first sight 
the model under consideration (with only one extra dimension) manifests itself through (IT^ as 
the ADD model with two extra dimensions (because of the factor L^). At the same time using 
([8]) we can rewrite fl20|) as 

Ml, = Liv^+V2), (21) 
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which now represents the model as the ADD model with one extra dimension. Since A and Vi, 
V2 are all fundamental parameters, a discrepancy arises. The answer is that since the size of 
the extra dimension L is not a fundamental parameter of the theory, as it was noted above, 
both interpretations do not correspond to the real properties of the model, which is not exactly 
the ADD model, and therefore should be rejected. 

In the end of this section let us compare the setup discussed above with some well-known 
multidimensional models, in which the scalar field interacting with gravity is used for stabi- 
lization of the extra dimension. The most known model is the one proposed in [9j. But the 
background solution found in |9] is not an exact one - backreaction of the scalar field on the 
metric is not taken into account in this model. At the same time the background solution 
found above is exact, i.e. it satisfies all equation of motion - Einstein equations and equation 
for the scalar field. Thus, it is more reasonable to compare our setup with the one proposed 
in [To], where an exact solution for gravity and scalar field in five dimensions was obtained 
(the so-called stabilized Randall- Sundrum model). It is evident that consistent comparison can 
be made only if we transform ([1]) to the Einstein frame (it can be made with the help of a 
conformal rescaling). The bulk part of rescaled action describes scalar field minimally coupled 
to five-dimensional gravity. It differs from the bulk action proposed in |10] in the absence of 
the bulk potential. Thus, it is evident that the models have different background solutions. 
Nevertheless, methods of stabilization utilized in these models are similar - the size of extra 
dimension is defined by the boundary conditions on the branes and depends on the parameters 
of scalar potentials on the branes, contrary to the case of [9], where the size of extra dimen- 
sion is defined by minimization of the effective four-dimensional scalar potential (which can 
be obtained from the averaged five- dimensional action). In this connection it is necessary to 
mention paper |lT], in which solution for the system of bulk scalar field without bulk potential 
minimally coupled to five- dimensional gravity was found. Stabilization of the extra dimension 
is also achieved by the boundary conditions on the branes. Because of the absence of the bulk 
scalar field potential this model seems to be similar in some sense to the model discussed in 
this paper. At the same time the solution found in [Hj describes warped brane world and 
the dynamics of the scalar field comes from the kinetic term, contrary to our case with flat 
bulk and dynamics for the scalar field coming from non-minimal interaction of this field with 
five-dimensional curvature. But since both models are similar with respect to the absence of 
the bulk scalar field potential, it would be interesting to compare predictions of these models 
in equal frames. 

As for the frame which is chosen for action ([T]), the background solution in the Jordan frame 
seems to have the simplest form and, as it was noted before, it has some "intersections" with 
the ADD model. In addition, the terms in ([1]) corresponding to brane tension have classical 
form in this frame. Moreover, since we do not know which frame is the "real" one, there are 
no any strong objections against choosing Jordan one. 

3 Scalar sector 

Now let us make a brief investigation of the scalar sector of the theory. To this end we need 
linearized equations of motion for different components of metric fluctuations and for the scalar 
field. Let us denote the fluctuations of metric by Hmn, where M,N = 0, ..,4, and fluctuation 
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of the field $ by y?. Thus 

9mn{x, y) = TjMN + hMN{x, y), 
^x,y) = % + ^{x,y), 

where tjmn is the flat five-dimensional metric. The corresponding gauge transformations look 
like 

^MiV — hjMN ~ dM^N — dN^M, (22) 

if^'^ = - $[,^4. (23) 
It is not difficult to show, that one can impose the following gauge on the fields /i^4, /i44 and (p: 

Ka = 0, (24) 
^{x,y)- -^Q{y)hii{x,y) = f{x), (25) 

i.e. the new field / depends only on four-dimensional coordinates. Indeed, the corresponding 
transformations look like 

'^''^Kx.y) _ h1j{x,y) ^ <p{x,y) _ h44{x,y) f U\ ' 

which demonstrates the possibility to impose the gauge (125!) (see [12] for details). 

We also note that after imposing this gauge we are left with residual gauge transformations 
CtJ.{x,y) = ^fi{x), which are responsible for determining the physical degrees of freedom of the 
massless four-dimensional graviton. 

The corresponding equations of motion can be easily obtained from ([2]) and ([3]), and for 
convenience we will present here expressions for the linear approximation of the term VmVat^ — 

+Vi^uhu^o - ii^^Uip - ]^7]f,yh'% - 7]^yip" + ^ri^i^h'^^Q, (27) 
V^V4$ - (7m/''VaVb<I> = d^d^ip - ^9^/144$ 0, (28) 

V4V4<f - 9449''''^ A^B^ = -Oif - (29) 

For our purposes we will need the equations for the fiA- and 44-components of metric 
fluctuations, equation for the field and contracted equation for the /ii/-component of metric 
fluctuations. Substituting representation 

h^,u{x, y) = b^^{x, y) - -ri^^h44{x, y) + --^/i44(a;, y) - 

- '§^v,.^^{x^^) + %\y\~Lf-^p{x^^) (30) 



into these equations, we get: 

1) yu4-component 

2) 44- component 



d, (d^b^u - d,b) = 0, 



(31) 



$0 {d'^d-'b,, - nb) - 6'<l>'o + — {v2m'M0) + viml^{L)) - 2nf = 0, 



3) equation for the field ip 



d^d^b 



Ub - b" = 0, 



(32) 



(33) 



where mi and m2 - masses of the scalar field ip coming from the stabilizing potentials on the 
branes, ^^(O) = (p{x,0), ip{L) = ip{x,L). 

From equations fl3T|) . fl33l) it follows that b" = 0. Using the symmetry conditions one can 
get b' = 0. With the help of residual gauge transformations i^{x,y) = e^(x) it is possible 
to impose the transverse-traceless gauge b = 0, d^b^i, = (see [12] for details). In this case 
contracted /xz/-equation takes the form 



$0 



-2$nn/i44 - 2<4$o - 2/l^.$'n = 



''44^0 



(34) 



The boundary conditions can be obtained directly from this equation. Indeed, let us integrate 
this equation from — e to e and then take the limit e — >■ 0. Using the symmetry conditions and 
the fact that the first derivative of the fields can have a jump at the point y = 0, we easily 
get the boundary (junction) condition at the point y = 0. Analogously we get the boundary 
(junction) condition at the point y = L. Thus the result looks like 



"^"0 I - 4/1^4 



$0 



3mi 



44 



=L-0 



0, 



0. 



(35) 



(36) 



Thus equations of motion for the scalar degrees of freedom do not decouple. 

It is necessary to note that we use complete equations of motion in the whole bulk (including 
contributions with delta-functions coming from the branes) in the gauge in which branes remain 
straight and then extract junction condition at the points the branes are located at with the help 
of procedure described above. Then we solve equations of motion on the segment [0, L] with the 
junction conditions playing the role of boundary conditions. Another approach is utilized, for 
example, in papers ^ISIIII], where the induced equation on the brane and corresponding junction 
condition (in more general form) are obtained directly using Gauss and Codazzi equations. Our 
approach is more convenient for studying the linearized theory in the whole bulk, not only in 
the vicinity of the brane, but it is more technically complicated than that utilized in [131 [II]- 

One can see that equation fl5^ and corresponding conditions fl5S]) . fl5B]) are rather com- 
plicated. In [12] it was suggested to use the "stiff boundary potential" limit for the model 
proposed in [10] to simplify the analysis. It appears that this limit is very convenient in our 
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case too. Namely, if 71^2 ~^ 00 (i.e. if 71^2 are much larger than other parameters with the same 
dimensionality, this also means that mi 2 00) then the conditions for the field ip are just 

y,(0) = ^{L) = 0, (37) 

i.e. the scalar field if decouples from the theory on the branes. Thus from equations (1321) and 
fl3H we get 

□/ = 0, (38) 

$0 0/^44 + + $'o/i;4 = 0. (39) 

Thus (1391) is analogous to equation (Q for the tensor modes. In addition we have the following 
extra boundary conditions for the field /i44 coming from (!25|) . (1371) and (138|1 : 

Dh4A\y=0 = Oh^ly^L = 0- (40) 

Eigenvalue problem, which corresponds to equations (139|) and (HOl) . has the form 

%fi'Jniy) + %Kiy) + KKiy) = o, (4i) 

ljl^n{y)\y=0 = fil^n{y)\y=L = 0, (42) 

where "^niy) is the wave function of the corresponding four-dimensional mode nh^^lx) = 
li^h1^{x) with the mass /i„. Equation (j^2l) can be satisfied if: 

1. 

and 

^„(0) = ^„(L) = 0. 

But boundary conditions following from f j4Tl) are \^^(0) = \&^(i^) = (see ( fT5|) . (fT6l) ). 
which are consistent with \^n(0) = ^n{L) = only if ^n{y) = 0. 

2. 

/in = 0. 

In this case equation (HTl) has the following solution in the bulk 

~ , const 
\1> 



$0 

From the symmetry conditions for the field h^^ [h^^l—y) = h^^ly)) it follows that const = 
and does not depend on the coordinate of extra dimension (\l/„ = const) . From ([25 
and ( |37j) we get 

<l>o(0)^„(0) = ML)^niL), 

which implies that ^n{y) = 0. 
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Finally we get h44{x,y) = 0. Since / does not depend on the coordinate of extra dimension, 
we get f{x) = 0. Thus, the scalar sector totally drops out from the theory, and we get effective 
four-dimensional gravity without any extra scalars. The model appears to be stable in this case. 
It is evident that disappearance of scalars is simply an artifact of the " stiff boundary potential" 
limit used. At the same time this situation differs considerably from the case of stabilized 
Randall- Sundrum model [10], where the radion field survives in the case of "stiff boundary 
potential" (see flbl [16]). At first glance the absence of the scalar sector in the model seems 
to be not very dangerous - indeed, in paper [17] it was shown, that in the Randall-Sundrum 
model with brane-localized curvature terms the radion field is absent in the linear approximation 
(because of the additional symmetry), whereas the effective theory on the brane appears to be 
acceptable. Moreover, the absence of scalars can ensure the absence of extra effects which could 
be in contradiction with the experimental data (such as a very light radion). At the same time 
the tensor structure of the four-dimensional massless graviton seems to be incorrect in the model 
as it is. Indeed, the traceless-transverse conditions 6 = 0, d^h^j,i, = following from (1331) . are 
not in agreement with the ordinary equation for the massless graviton □ (6^,^ — ^i]^^b) ~ T^^, 
where T^iy is the energy-momentum tensor of matter. In other words, if we place matter on the 
brane, there should appear a massless scalar field (this scalar field is not necessarily consists of 
the radion and/or field (p, see IlUJ, where analogous situation arises), which is additional to the 
massless graviton as viewed from the point of view of a four-dimensional observer on the brane, 
and which interacts with the trace of the energy-momentum tensor. We can find an analogy to 
this situation in electrodynamics. It is a common knowledge that longitudinal photons do not 
appear in the asymptotic states (on the mass shell), whereas their contribution is important 
in the radiative corrections (off the mass shell). This "reappearing" scalar field is very similar 
to longitudinal photons: it is absent in the asymptotic states, but it is absolutely necessary 
for consistently describing the interaction off the mass shell. Thus we get the same problem 
as those in the DGP model [H] and in the theory of four- dimensional massive gravity [T9| [20]. 
Maybe it is a consequence of the total absence of the scalar sector in this approximation in 
case of absence of matter on the branes, which "enforces" the system to create an extra field 
to compensate the absence of the radion and the field ip (for example, in the RS2 model the 
absence of the radion field leads even to contradiction [12]). As for the general case (arbitrary 
values of mi, m2 and presence of matter on the branes), its analysis is a rather complicated 
task. But in this connection it is necessary to note that there is a lot of possibilities to change 
the linearized equations of motion without breakdown of the background solution. One can 
add kinetic terms for the field $ on the branes, terms describing non-minimal coupling of the 
field $ to gravity on the branes and, as a matter of fact, the four-dimensional scalar curvature: 



where ctj, (3i and ipi are arbitrary constants. Such modification, inspired by the scheme proposed 
in [18j, provides a lot of possibilities to change the spectrum of the theory considerably (and 
probably can improve the incorrect tensor structure of the massless graviton). Moreover, we 
think that such modification of original action ([1]) can lead to more interesting consequences 
than those for the original action. But its examination exceeds the limits of this paper. 




(43) 
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4 Conclusion 



In this paper a model describing the scalar field non-minimally coupled to gravity in the space- 
time with one extra dimension is proposed. It possesses remarkable features: branes with 
tension in the flat five-dimensional background; a simple and natural way of the extra dimen- 
sion's size stabilization; the four- dimensional Planck mass is defined by the parameters of the 
scalar field potentials on the branes; the value of the size of the extra dimension appears to be 
interesting in view of testing gravity at sub-millimeter scales. 

At the same time it is necessary to make more thorough investigation of linearized gravity 
on the branes in general case (arbitrary values of nii and in the presence of matter on one 
of the brane (to answer the question about tensor structure of massless graviton), as well as 
to obtain a second variation Lagrangian (to answer the questions about possible appearance of 
ghosts in the model). But these problems call for more detailed investigation. 

It should be also noted that just this mechanism is applicable only in the case of one compact 
extra dimension. But in any case this model seems to be quite useful because it suggests a 
possible way for constructing models with fiat background and tension-full branes. 
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